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1. Introducción: volúmnes de control

anónimo…
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1.1 Métodos de análisis en Mecánica de Fluidos

Tema 4 – Hidrodinámica

1. Introducción: volúmnes de control

• Análisis cinemático:
- Estudio de la deformación del medio fluido debida a gradientes de velocidad
- Ec. diferencial de continuidad

• Análisis diferencial:
- Principios generales de conservación en formulación diferencial  (ec. constitución)
- Objeto: cálculo de

• Análisis integral:
- Principios generales de conservación para volúmenes de control 
- Requiere conocer a priori la distribución del flujo en el contorno del VC, y también en el 

interior si es flujo no estacionario
- Objeto: cálculo de flujos másicos, fuerzas, momentos, potencias… (no exacto)

v, p,ρ,T ...= f (x, y, z,t)
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• Análisis numérico - CFD (Computational Fluid Dynamics):
- Resolución aproximada de las ec. diferenciales por métodos iterativos
- Equipos y programas informáticos
- Objeto: cálculo de                       en algunos puntos del dominio (nodos)
- EL CÁLCULO POR ORDENADOR NO ES UNA PANTALLA PARA TAPAR NUESTRA 

IGNORANCIA. MÁS BIEN MULTIPLICA LOS NOCIVOS EFECTOS DE LA MISMA

- Análisis dimensional (experimental):
- Estudio de dimensiones básicas y órdenes de magnitud para simplificar (è ingeniería) 
- Extrapolación de datos experimentales o numéricos bajo condiciones de semejanza

Tema 4 – Hidrodinámica

1. Introducción: volúmnes de control

1.1 Métodos de análisis en Mecánica de Fluidos

v, p,ρ,T ...
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1.2 Sistemas y Volúmenes de Control

Tema 4 – Hidrodinámica

1. Introducción: volúmnes de control

• Volumen de control (VC): zona del espacio definida en un dominio fluido (punto de vista 
Euleriano). Puede ser fijo, móvil o deformable.

• Superficie de control (SC): contorno del VC. 

• Sistema (S): un conjunto de partículas de fluido en movimiento (punto de vista 
Lagrangiano). En un cierto instante pueden ocupar un VC definido.
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Tema 4 – Hidrodinámica

1. Introducción: volúmnes de control

1.3 Sistemas y Volúmenes de Control, ejemplos

bConducto

Cuerda
de amarre

SC

Volumen
de control

v

y

x
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2.1 Conservación de la masa

Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

• Idea generalè “en un fluido en régimen permanente e incompresible, lo que entra es igual a lo 
que sale” :

Systems versus Control Volumes

ple, the differential approach of Chap. 4 can be used for any problem, but in practice
the lack of mathematical tools and the inability of the digital computer to model small-
scale processes make the differential approach rather limited. Similarly, although the
dimensional analysis of Chap. 5 can be applied to any problem, the lack of time and
money and generality often makes experimentation a limited approach. But a control-
volume analysis takes about half an hour and gives useful results. Thus, in a trio of ap-
proaches, the control volume is best. Oddly enough, it is the newest of the three. Dif-
ferential analysis began with Euler and Lagrange in the eighteenth century, and
dimensional analysis was pioneered by Lord Rayleigh in the late nineteenth century,
but the control volume, although proposed by Euler, was not developed on a rigorous
basis as an analytical tool until the 1940s.

All the laws of mechanics are written for a system, which is defined as an arbitrary
quantity of mass of fixed identity. Everything external to this system is denoted by the
term surroundings, and the system is separated from its surroundings by its bound-
aries. The laws of mechanics then state what happens when there is an interaction be-
tween the system and its surroundings.

First, the system is a fixed quantity of mass, denoted by m. Thus the mass of the
system is conserved and does not change.1 This is a law of mechanics and has a very
simple mathematical form, called conservation of mass:

msyst ! const

or "
d
d
m
t
" ! 0

(3.1)

This is so obvious in solid-mechanics problems that we often forget about it. In fluid
mechanics, we must pay a lot of attention to mass conservation, and it takes a little
analysis to make it hold.

Second, if the surroundings exert a net force F on the system, Newton’s second law
states that the mass will begin to accelerate2

F ! ma ! m "
d
d
V
t
" ! "

d
d
t
" (mV) (3.2)

In Eq. (2.12) we saw this relation applied to a differential element of viscous incom-
pressible fluid. In fluid mechanics Newton’s law is called the linear-momentum rela-
tion. Note that it is a vector law which implies the three scalar equations Fx ! max,
Fy ! may, and Fz ! maz.

Third, if the surroundings exert a net moment M about the center of mass of the
system, there will be a rotation effect

M ! "
d
d
H
t
" (3.3)

where H ! #(r ! V) $m is the angular momentum of the system about its center of

130 Chapter 3 Integral Relations for a Control Volume

1We are neglecting nuclear reactions, where mass can be changed to energy.
2We are neglecting relativistic effects, where Newton’s law must be modified.

Q = 0∑
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2.1 Conservación de la masa

Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

E3.3 

Again, if consistent units are used, Q ! VA will have units of cubic meters per second
(SI) or cubic feet per second (BG). If the cross section is not one-dimensional, we have
to integrate

QCS ! !
CS

(V ! n) dA (3.31)

Equation (3.31) allows us to define an average velocity Vav which, when multiplied by
the section area, gives the correct volume flow

Vav ! "
Q
A

" ! "
A
1

" ! (V ! n) dA (3.32)

This could be called the volume-average velocity. If the density varies across the sec-
tion, we can define an average density in the same manner:

#av ! "
A
1

" ! # dA (3.33)

But the mass flow would contain the product of density and velocity, and the average
product (#V)av would in general have a different value from the product of the aver-
ages

(#V)av ! "
A
1

" ! #(V ! n) dA " #avVav (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the difference or,
if necessary, use a correction factor between mass average and volume average.

EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow everywhere
parallel to the walls) with a single one-dimensional exit 1 and inlet 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit

ṁ ! #1A1V1 ! #2A2V2 ! const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of the tube.
If the density is constant, then

Q ! A1V1 ! A2V2 ! const or V2 ! "
A
A

1

2
" V1

The volume flow is constant in the tube in steady incompressible flow, and the velocity increases
as the section area decreases. This relation was derived by Leonardo da Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile is given
approximately by

3.3 Conservation of Mass 143

2

1
Streamtube

control volume

V • n = 0

V1

V2

dx

E3.4 

E3.5 

u ! U0!1 " #
R
r
#"

m

so that u varies from zero at the wall (r ! R), or no slip, up to a maximum u ! U0 at the cen-
terline r ! 0. For highly viscous (laminar) flow m # #12#, while for less viscous (turbulent) flow
m # #17#. Compute the average velocity if the density is constant.

Solution

The average velocity is defined by Eq. (3.32). Here V ! iu and n ! i, and thus V ! n ! u. Since
the flow is symmetric, the differential area can be taken as a circular strip dA ! 2 $r dr. Equa-
tion (3.32) becomes

Vav ! #
A
1

# $ u dA ! #
$

1
R2# $R

0
U0!1 " #

R
r
#"

m
2$r dr

or Vav ! U0 #(1 % m)
2
(2 % m)
# Ans.

For the laminar-flow approximation, m # #12# and Vav # 0.53U0. (The exact laminar theory in Chap.
6 gives Vav ! 0.50U0.) For turbulent flow, m # #17# and Vav # 0.82U0. (There is no exact turbu-
lent theory, and so we accept this approximation.) The turbulent velocity profile is more uniform
across the section, and thus the average velocity is only slightly less than maximum.

EXAMPLE 3.5

Consider the constant-density velocity field

u ! #
V
L
0x
# & ! 0 w ! "#

V
L
0z
#

similar to Example 1.10. Use the triangular control volume in Fig. E3.5, bounded by (0, 0),
(L, L), and (0, L), with depth b into the paper. Compute the volume flow through sections 1, 2,
and 3, and compare to see whether mass is conserved.

Solution

The velocity field everywhere has the form V ! iu % kw. This must be evaluated along each
section. We save section 2 until last because it looks tricky. Section 1 is the plane z ! L with
depth b. The unit outward normal is n ! k, as shown. The differential area is a strip of depth b
varying with x: dA ! b dx. The normal velocity is

(V ! n)1 ! (iu % kw) ! k ! w|1 ! "#
V
L
0z
#z!L

! "V0

The volume flow through section 1 is thus, from Eq. (3.31),

Q1 ! $0

1
(V ! n) dA ! $L

0 
("V0)b dx ! "V0bL Ans. 1

144 Chapter 3 Integral Relations for a Control Volume

n = k

(L, L)L

z

n = –i

0
0

x
n = ?

3

1

2

CV

Depth b into paper

r

r = R

x

u(r)

U0

u = 0 (no slip)

V

• En cada punto de la sección, en un tiempo dt, habrá atravesado cada ds:

ΔVol =V ⋅ds ⋅dt dVol = dt ⋅ V ⋅ds
S1
∫

• Caudal: volumen que atraviesa S por unidad de tiempo

Q1 =
dVol
dt

= V ⋅ds
S1
∫

• W: velocidad media en la sección

W1 =
1
S1

V ⋅ds
S1
∫

Q1 =W1 ⋅ S1

• La Ec. de continuidad se obtiene al imponer el ppio. de conservación de la masa en el 
movimiento de los fluidos
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2.1 Conservación de la masa

Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

• Masa en un instante determinado en VC: masa =Mt = ρ ⋅ S ⋅dx

• Variación de la masa en VC en un dt (movimiento variable):

• Masa que entra por S1 en dt: dt ⋅ρ1 ⋅Q1 = ρ1 ⋅W1 ⋅ S1 ⋅dt

• Masa que sale por S2 en dt: dt ⋅ρ2 ⋅Q2 = ρ2 ⋅W2 ⋅ S2 ⋅dt

MS 2 −MS1 = ρ2 ⋅W2 ⋅ S2 ⋅dt − ρ1 ⋅W1 ⋅ S1 ⋅dt =
∂(ρ ⋅W ⋅ S)

∂x
⋅dx ⋅dt

• Masa saliente – masa entrante:

Mt+dt = ρ ⋅ S ⋅dx +
∂(ρ ⋅ S)
∂t

⋅dt ⋅dx
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2.1 Conservación de la masa

Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

• Igualando aumento en el tiempo con diferencia entre entrada y salida:

∂(ρ ⋅ S)
∂t

⋅dt ⋅dx = −∂(ρ ⋅W ⋅ S)
∂x

⋅dx ⋅dt

∂(ρ ⋅ S)
∂t

+
∂(ρ ⋅W ⋅ S)

∂x
= 0 ∂(ρ ⋅ S)

∂t
+
∂(ρ ⋅Q)
∂x

= 0
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2.2 Conservación de la masa: interpretación

Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

• Movimiento permanente: la cantidad de masa fluida que atraviesa cada sección por unidad de 
tiempo es constante.

∂(ρ ⋅ S)
∂t

+
∂(ρ ⋅W ⋅ S)

∂x
= 0 ∂(ρ ⋅W ⋅ S)

∂x
= 0;→ ∂(ρ ⋅Q)

∂x
= 0;→ ρ ⋅Q = cte

cte. a lo largo el tubo
• Fluido incompresible en movimiento variable y transitorio:

∂(ρ ⋅ S)
∂t

+
∂(ρ ⋅W ⋅ S)

∂x
= 0 ∂(S)

∂t
+
∂(W ⋅ S)
∂x

= 0;→ ∂(S)
∂t

+
∂(Q)
∂x

= 0

Si además el conducto es indeformable:

∂(S)
∂t

+
∂(Q)
∂x

= 0;→ ∂(Q)
∂x

= 0;→Q = cte

El caudal en cada instante es idéntico en todas las secciones, variando en todas ellas 
simultáneamente con el tiempo (es decir, W varía en t).

cte. a lo largo el tubo
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Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

2.2 Conservación de la masa: interpretación

• Fluido incompresible en movimiento permanente:

∂(ρ ⋅ S)
∂t

+
∂(ρ ⋅W ⋅ S)

∂x
= 0 ∂(W ⋅ S)

∂x
= 0;

Q = cte

El caudal es idéntico en todas las secciones y en todos los instantes de tiempo.
La velocidad es constante si, además, la sección es constante.

cte. a lo largo el tubo y en el tiempo

S = cte→ ∂(W )
∂x

= 0

W = cte

Si                               ;

El movimiento es uniforme
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2.3 Conservación de la masa (formulación general)

Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

• Tomamos como magnitudes extensiva C e intensiva c:
C =m = masa

c = dC
dVol

= ρ = densidad

⎧

⎨
⎪

⎩⎪

• Teorema del Transporte de Reynolds è “variación de la masa en el sistema S = variación de 
la masa en el VC más el flujo másico neto a través de SC”:

dmS
dt

=
dmVC
dt

+ mSC =
∂C
∂t
dϑ

VC∫ + C vr·d

A( )SC∫ ;

• Caso de un dominio sin reacciones químicas o físicas è masa del sistema de partículas = 
constante è Ecuación Integral de Continuidad:

d
dt

ρ dϑ
VC∫ + ρ

vr·d

A( )SC∫ = 0
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2.4 Conservación de la masa: ejemplos

Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

e
e

e
e = porosidad

Ejemplo 1 è Evolución temporal del nivel de líquido en depósitos
a) Con franja lateral porosa y b) con paredes permeables
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Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

2.4 Conservación de la masa: ejemplos
Ejemplo 1 è evolución temporal del nivel de líquido en un depósito con 

franja lateral porosa:

d
dt

ρ dϑ
VC
∫ = ρ

dϑ
dt

= ρ
π D2

4
d H (t)
d t

;

d
dt

ρ dϑ
VC
∫ + ρ


vr·d

A( )

SC
∫ = 0 ;→ con


vr·d

A( ) = dQ
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Tema 4 – Hidrodinámica

2. Ecuación de la continuidad

2.4 Conservación de la masa: ejemplos
Ejemplo 1 è evolución temporal del nivel de líquido en un depósito con 

franja lateral porosa:

( )

2 2 3 3

2

02 ( ) 2 ( ) ;
4

SC SC SC SCQ v A v A

dQ g H t D b g H t h

r r r

pr r rp e

= - + + =

= - + + -

dH
dt

= +
4Q
π D2

−
d
D
"

#
$

%

&
'

2

2g H −
4ε b
D

2g H − h0( )

ρ
vr·d

A( )

SC
∫ = ρ

vr·d

A( )

SC1
∫ + ρ

vr·d

A( )+ ρ

vr·d

A( )

SC3
∫ =

SC2
∫

S +Δ(+)− E = 0
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Tema 4 – Hidrodinámica

3. Ecuación de la cantidad de movimiento

3.1 Conservación de la cantidad de movimiento

• Cantidad de movimiento Volumen C:

• Distancia 1 – 1’: W1·dt; Distancia 2 – 2’: W2·dt

ρ2 ⋅ S2 ⋅W2 ⋅dt( ) ⋅

W2

• Cantidad de movimiento:

• Cantidad de movimiento Volumen A:

ρ1 ⋅ S1 ⋅W1 ⋅dt( ) ⋅

W1

dPB (t) = ρ·dVol·
!
V ; ⇒ dPVOL = (

∂
∂t

ρ ⋅
!
V ⋅dVol

VOL
∫ ) ⋅dt

• Aumento Cantidad de movimiento Volumen B en el tiempo dt:

p =m ⋅
!
V E3.4 

E3.5 

u ! U0!1 " #
R
r
#"

m

so that u varies from zero at the wall (r ! R), or no slip, up to a maximum u ! U0 at the cen-
terline r ! 0. For highly viscous (laminar) flow m # #12#, while for less viscous (turbulent) flow
m # #17#. Compute the average velocity if the density is constant.

Solution

The average velocity is defined by Eq. (3.32). Here V ! iu and n ! i, and thus V ! n ! u. Since
the flow is symmetric, the differential area can be taken as a circular strip dA ! 2 $r dr. Equa-
tion (3.32) becomes

Vav ! #
A
1

# $ u dA ! #
$

1
R2# $R

0
U0!1 " #

R
r
#"

m
2$r dr

or Vav ! U0 #(1 % m)
2
(2 % m)
# Ans.

For the laminar-flow approximation, m # #12# and Vav # 0.53U0. (The exact laminar theory in Chap.
6 gives Vav ! 0.50U0.) For turbulent flow, m # #17# and Vav # 0.82U0. (There is no exact turbu-
lent theory, and so we accept this approximation.) The turbulent velocity profile is more uniform
across the section, and thus the average velocity is only slightly less than maximum.

EXAMPLE 3.5

Consider the constant-density velocity field

u ! #
V
L
0x
# & ! 0 w ! "#

V
L
0z
#

similar to Example 1.10. Use the triangular control volume in Fig. E3.5, bounded by (0, 0),
(L, L), and (0, L), with depth b into the paper. Compute the volume flow through sections 1, 2,
and 3, and compare to see whether mass is conserved.

Solution

The velocity field everywhere has the form V ! iu % kw. This must be evaluated along each
section. We save section 2 until last because it looks tricky. Section 1 is the plane z ! L with
depth b. The unit outward normal is n ! k, as shown. The differential area is a strip of depth b
varying with x: dA ! b dx. The normal velocity is

(V ! n)1 ! (iu % kw) ! k ! w|1 ! "#
V
L
0z
#z!L

! "V0

The volume flow through section 1 is thus, from Eq. (3.31),

Q1 ! $0

1
(V ! n) dA ! $L

0 
("V0)b dx ! "V0bL Ans. 1

144 Chapter 3 Integral Relations for a Control Volume

n = k

(L, L)L

z

n = –i

0
0

x
n = ?

3

1

2

CV

Depth b into paper

r

r = R

x

u(r)

U0

u = 0 (no slip)

V
1

W1 =
1
S1

V1 ⋅ds
S1
∫

E3.3 

Again, if consistent units are used, Q ! VA will have units of cubic meters per second
(SI) or cubic feet per second (BG). If the cross section is not one-dimensional, we have
to integrate

QCS ! !
CS

(V ! n) dA (3.31)

Equation (3.31) allows us to define an average velocity Vav which, when multiplied by
the section area, gives the correct volume flow

Vav ! "
Q
A

" ! "
A
1

" ! (V ! n) dA (3.32)

This could be called the volume-average velocity. If the density varies across the sec-
tion, we can define an average density in the same manner:

#av ! "
A
1

" ! # dA (3.33)

But the mass flow would contain the product of density and velocity, and the average
product (#V)av would in general have a different value from the product of the aver-
ages

(#V)av ! "
A
1

" ! #(V ! n) dA " #avVav (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the difference or,
if necessary, use a correction factor between mass average and volume average.

EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow everywhere
parallel to the walls) with a single one-dimensional exit 1 and inlet 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit

ṁ ! #1A1V1 ! #2A2V2 ! const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of the tube.
If the density is constant, then

Q ! A1V1 ! A2V2 ! const or V2 ! "
A
A

1

2
" V1

The volume flow is constant in the tube in steady incompressible flow, and the velocity increases
as the section area decreases. This relation was derived by Leonardo da Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile is given
approximately by

3.3 Conservation of Mass 143

2

1
Streamtube

control volume

V • n = 0

V1

V2

W1

1’
2’

A
B

C

19 de 96



Tema 4 – Hidrodinámica

3. Ecuación de la cantidad de movimiento

3.1 Conservación de la cantidad de movimiento

E3.4 

E3.5 

u ! U0!1 " #
R
r
#"

m

so that u varies from zero at the wall (r ! R), or no slip, up to a maximum u ! U0 at the cen-
terline r ! 0. For highly viscous (laminar) flow m # #12#, while for less viscous (turbulent) flow
m # #17#. Compute the average velocity if the density is constant.

Solution

The average velocity is defined by Eq. (3.32). Here V ! iu and n ! i, and thus V ! n ! u. Since
the flow is symmetric, the differential area can be taken as a circular strip dA ! 2 $r dr. Equa-
tion (3.32) becomes

Vav ! #
A
1

# $ u dA ! #
$

1
R2# $R

0
U0!1 " #

R
r
#"

m
2$r dr

or Vav ! U0 #(1 % m)
2
(2 % m)
# Ans.

For the laminar-flow approximation, m # #12# and Vav # 0.53U0. (The exact laminar theory in Chap.
6 gives Vav ! 0.50U0.) For turbulent flow, m # #17# and Vav # 0.82U0. (There is no exact turbu-
lent theory, and so we accept this approximation.) The turbulent velocity profile is more uniform
across the section, and thus the average velocity is only slightly less than maximum.

EXAMPLE 3.5

Consider the constant-density velocity field

u ! #
V
L
0x
# & ! 0 w ! "#

V
L
0z
#

similar to Example 1.10. Use the triangular control volume in Fig. E3.5, bounded by (0, 0),
(L, L), and (0, L), with depth b into the paper. Compute the volume flow through sections 1, 2,
and 3, and compare to see whether mass is conserved.

Solution

The velocity field everywhere has the form V ! iu % kw. This must be evaluated along each
section. We save section 2 until last because it looks tricky. Section 1 is the plane z ! L with
depth b. The unit outward normal is n ! k, as shown. The differential area is a strip of depth b
varying with x: dA ! b dx. The normal velocity is

(V ! n)1 ! (iu % kw) ! k ! w|1 ! "#
V
L
0z
#z!L

! "V0

The volume flow through section 1 is thus, from Eq. (3.31),

Q1 ! $0

1
(V ! n) dA ! $L

0 
("V0)b dx ! "V0bL Ans. 1
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n = k

(L, L)L

z

n = –i

0
0

x
n = ?

3

1

2

CV

Depth b into paper

r

r = R

x

u(r)

U0

u = 0 (no slip)

V
1

• Según el teorema de la cantidad de movimiento (2ª ley de Newton):

W1 =
1
S1

V1 ⋅ds
S1
∫

E3.3 

Again, if consistent units are used, Q ! VA will have units of cubic meters per second
(SI) or cubic feet per second (BG). If the cross section is not one-dimensional, we have
to integrate

QCS ! !
CS

(V ! n) dA (3.31)

Equation (3.31) allows us to define an average velocity Vav which, when multiplied by
the section area, gives the correct volume flow

Vav ! "
Q
A

" ! "
A
1

" ! (V ! n) dA (3.32)

This could be called the volume-average velocity. If the density varies across the sec-
tion, we can define an average density in the same manner:

#av ! "
A
1

" ! # dA (3.33)

But the mass flow would contain the product of density and velocity, and the average
product (#V)av would in general have a different value from the product of the aver-
ages

(#V)av ! "
A
1

" ! #(V ! n) dA " #avVav (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the difference or,
if necessary, use a correction factor between mass average and volume average.

EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow everywhere
parallel to the walls) with a single one-dimensional exit 1 and inlet 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit

ṁ ! #1A1V1 ! #2A2V2 ! const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of the tube.
If the density is constant, then

Q ! A1V1 ! A2V2 ! const or V2 ! "
A
A

1

2
" V1

The volume flow is constant in the tube in steady incompressible flow, and the velocity increases
as the section area decreases. This relation was derived by Leonardo da Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile is given
approximately by
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Systems versus Control Volumes

ple, the differential approach of Chap. 4 can be used for any problem, but in practice
the lack of mathematical tools and the inability of the digital computer to model small-
scale processes make the differential approach rather limited. Similarly, although the
dimensional analysis of Chap. 5 can be applied to any problem, the lack of time and
money and generality often makes experimentation a limited approach. But a control-
volume analysis takes about half an hour and gives useful results. Thus, in a trio of ap-
proaches, the control volume is best. Oddly enough, it is the newest of the three. Dif-
ferential analysis began with Euler and Lagrange in the eighteenth century, and
dimensional analysis was pioneered by Lord Rayleigh in the late nineteenth century,
but the control volume, although proposed by Euler, was not developed on a rigorous
basis as an analytical tool until the 1940s.

All the laws of mechanics are written for a system, which is defined as an arbitrary
quantity of mass of fixed identity. Everything external to this system is denoted by the
term surroundings, and the system is separated from its surroundings by its bound-
aries. The laws of mechanics then state what happens when there is an interaction be-
tween the system and its surroundings.

First, the system is a fixed quantity of mass, denoted by m. Thus the mass of the
system is conserved and does not change.1 This is a law of mechanics and has a very
simple mathematical form, called conservation of mass:

msyst ! const

or "
d
d
m
t
" ! 0

(3.1)

This is so obvious in solid-mechanics problems that we often forget about it. In fluid
mechanics, we must pay a lot of attention to mass conservation, and it takes a little
analysis to make it hold.

Second, if the surroundings exert a net force F on the system, Newton’s second law
states that the mass will begin to accelerate2

F ! ma ! m "
d
d
V
t
" ! "

d
d
t
" (mV) (3.2)

In Eq. (2.12) we saw this relation applied to a differential element of viscous incom-
pressible fluid. In fluid mechanics Newton’s law is called the linear-momentum rela-
tion. Note that it is a vector law which implies the three scalar equations Fx ! max,
Fy ! may, and Fz ! maz.

Third, if the surroundings exert a net moment M about the center of mass of the
system, there will be a rotation effect

M ! "
d
d
H
t
" (3.3)

where H ! #(r ! V) $m is the angular momentum of the system about its center of
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1We are neglecting nuclear reactions, where mass can be changed to energy.
2We are neglecting relativistic effects, where Newton’s law must be modified.


F = ρ2 ⋅ S2 ⋅W2( ) ⋅


W2 − ρ1 ⋅ S1 ⋅W1( ) ⋅


W1 +

∂
∂t

ρ ⋅

V ⋅dVol

VOL
∫

Q1 =W1·S1
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3. Ecuación de la cantidad de movimiento

3.1 Conservación de la cantidad de movimiento

• Las fuerzas internas debidas a las tensiones (presión y viscosas) se anulan entre sí.


R+

G = ρ2 ⋅ S2 ⋅W2

2 + P2 ⋅ S2( ) ⋅ n2 − ρ1 ⋅ S1 ⋅W1
2 + P1 ⋅ S1( ) ⋅ n1

• Las fuerzas exteriores son:
• El peso G.
• La reacción R de los contornos 1-2.

• Fuerzas de presión en las caras 1 y 2:

P1 ⋅ S1 ⋅
n1 − P2 ⋅ S2 ⋅

n2

• Igualando fuerzas, en régimen permanente:
E3.3 

Again, if consistent units are used, Q ! VA will have units of cubic meters per second
(SI) or cubic feet per second (BG). If the cross section is not one-dimensional, we have
to integrate

QCS ! !
CS

(V ! n) dA (3.31)

Equation (3.31) allows us to define an average velocity Vav which, when multiplied by
the section area, gives the correct volume flow

Vav ! "
Q
A

" ! "
A
1

" ! (V ! n) dA (3.32)

This could be called the volume-average velocity. If the density varies across the sec-
tion, we can define an average density in the same manner:

#av ! "
A
1

" ! # dA (3.33)

But the mass flow would contain the product of density and velocity, and the average
product (#V)av would in general have a different value from the product of the aver-
ages

(#V)av ! "
A
1

" ! #(V ! n) dA " #avVav (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the difference or,
if necessary, use a correction factor between mass average and volume average.

EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow everywhere
parallel to the walls) with a single one-dimensional exit 1 and inlet 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit

ṁ ! #1A1V1 ! #2A2V2 ! const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of the tube.
If the density is constant, then

Q ! A1V1 ! A2V2 ! const or V2 ! "
A
A

1

2
" V1

The volume flow is constant in the tube in steady incompressible flow, and the velocity increases
as the section area decreases. This relation was derived by Leonardo da Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile is given
approximately by
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3. Ecuación de la cantidad de movimiento

3.1 Conservación de la cantidad de movimiento

• La resultante de la impulsión (con los sentidos hacia el exterior del volumen considerado) es igual 
a la resultante de la reacción de los contornos sobre el fluido más el peso.


R+

G = ρ2 ⋅ S2 ⋅W2

2 + P2 ⋅ S2( ) ⋅ n2 − ρ1 ⋅ S1 ⋅W1
2 + P1 ⋅ S1( ) ⋅ n1

• Impulsión en una sección:

N = ρ ⋅ S ⋅W 2 + P ⋅ S( )

E3.3 

Again, if consistent units are used, Q ! VA will have units of cubic meters per second
(SI) or cubic feet per second (BG). If the cross section is not one-dimensional, we have
to integrate

QCS ! !
CS

(V ! n) dA (3.31)

Equation (3.31) allows us to define an average velocity Vav which, when multiplied by
the section area, gives the correct volume flow

Vav ! "
Q
A

" ! "
A
1

" ! (V ! n) dA (3.32)

This could be called the volume-average velocity. If the density varies across the sec-
tion, we can define an average density in the same manner:

#av ! "
A
1

" ! # dA (3.33)

But the mass flow would contain the product of density and velocity, and the average
product (#V)av would in general have a different value from the product of the aver-
ages

(#V)av ! "
A
1

" ! #(V ! n) dA " #avVav (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the difference or,
if necessary, use a correction factor between mass average and volume average.

EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow everywhere
parallel to the walls) with a single one-dimensional exit 1 and inlet 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit

ṁ ! #1A1V1 ! #2A2V2 ! const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of the tube.
If the density is constant, then

Q ! A1V1 ! A2V2 ! const or V2 ! "
A
A

1

2
" V1

The volume flow is constant in the tube in steady incompressible flow, and the velocity increases
as the section area decreases. This relation was derived by Leonardo da Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile is given
approximately by
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3. Ecuación de la cantidad de movimiento
3.2 Conservación de la cantidad de movimiento 
(formulación general)

• Magnitudes extensiva C e intensiva c:
C =CM
 

=
v ⋅dm

V∫ = cantidad de movimiento

c = dCM
 

dV
= ρ
v

#

$
%

&
%

dCM
 

S

dt
=
dCM
 

VC

dt
+ΦCM ,SC =

∂

C
∂t
dϑ

VC∫ +

C· vr·d


A( )SC∫ ;

• Para un Sistema de Referencia Inercial (estático o móvil con velocidad cte.) è 2ª Ley de 
Newton: “variación de la CM de un sistema = sumatorio de fuerzas que actúan sobre el 
sistema“è Ec. Integral de Cantidad de Movimiento:

donde:      = velocidad de las partículas respecto a un sistema de referencia
= velocidad de las partículas respecto al         que atraviesan

vvr d

A

d
dt

ρ
v dϑ

VC∫ + ρ
v vr·d


A( )SC∫ =


F∑ =


FVOL∑ +


FSUP∑

• Teorema del Transporte de Reynolds è “variación de la CM en el sistema S = variación de la 
CM en el VC más el flujo neto de CM a través de SC”:
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3. Ecuación de la cantidad de movimiento
3.3 Conservación de la cantidad de movimiento 
(correcciones)

• Hipótesis que se realizaron:
• Velocidad cte. en la sección definida por W, velocidad media.
• Presión cte. en la sección.

• Impulsión real en una sección:

N = ρ·V 2

S
∫ dS + PdS

S
∫

β =
V 2

S
∫ dS

W 2S
• Si definimos: coeficiente de cantidad de movimiento

presión media P =
P

S
∫ dS

S
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3. Ecuación de la cantidad de movimiento
3.3 Conservación de la cantidad de movimiento 
(correcciones)

• Impulsión real en una sección: N = ρ ⋅β ⋅W 2 ⋅ S + P ⋅ S

Elemento Flujo b
Tubería Laminar 4/3
Tubería

Turbulento

1.005-1.05
Canal regular 1.03-1.07
Canal natural 1.05-1.17

Río en valle de inundación 1.17-1.33

• Comprobación de las hipótesis que se realizaron:
• b es aproximadamente 1 en régimen turbulento.
• La presión media difiere muy poco de la que reina en la mitad de la sección.
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3. Ecuación de la cantidad de movimiento

3.4 Conservación de la cantidad de movimiento: ejemplos

p2

p1

Q

D
F

a

p1

p2 Q
a

Q

y

x

1

2

PASOS: 
1.Escoger VC estratégico
2.Escoger sistema de Ref.
3.Aplicar Ec. Int. de CM

Ejemplo 2 è Fuerza de reacción en un codo de tubería:
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3. Ecuación de la cantidad de movimiento

3.4 Conservación de la cantidad de movimiento: ejemplos
Ejemplo 2 è Fuerza de reacción en un codo de tubería:

p1

p2 Q
a

Q

y

x

1

2

1 2 1 2 ;Q Q Q v v= = Þ =
v1 =

4Q
π D2


j

v2 =
4Q
π D2

cosα

i + senα


j( )

!

"
#
#

$
#
#


F∑ =

d
dt

ρ
v

VC
∫ dϑ + ρ

v vr·d

A( )

SC
∫ ;
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3. Ecuación de la cantidad de movimiento

3.4 Conservación de la cantidad de movimiento: ejemplos
Ejemplo 2 è Fuerza de reacción en un codo de tubería:

p1

p2 Q
a

Q

y

x

1

2

Fx − p2
π D2

4

"

#
$

%

&
'cosα = ρ ⋅ vx

vr ⋅d

A( )

SC
∫ = ρ

4Q
π D2

cosα
"

#
$

%

&
'Q =

4ρQ2 cosα
π D2

;

Fy + p1
π D2

4

!

"
#

$

%
&− p2

π D2

4

!

"
#

$

%
&senα = ρ ⋅ vy

vr ⋅d

A( )

SC
∫ = −ρ

4Q
π D2

!

"
#

$

%
&Q+ ρ

4Q
π D2

senα
!

"
#

$

%
&Q =

4ρQ2 senα −1( )
π D2

;

28 de 96



Tema 4 – Hidrodinámica

3. Ecuación de la cantidad de movimiento

3.4 Conservación de la cantidad de movimiento: ejemplos
Ejemplo 3 è Fuerza de reacción en la pared de una compuerta:

h2h1

V2

V1

h2h1

V2

V1

F

y

x
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4. Teorema de Bernoulli

4.1 Ecuación de Bernoulli

• Ecuación de Cantidad de Movimiento (2ª Ley de Newton) proyectada sobre una línea de 
corriente, para una partícula dS en la dirección de su desplazamiento instantáneo x (coordenada 
curvilínea).

F = ρ2 ⋅ S2 ⋅W2( ) ⋅

W2 − ρ1 ⋅ S1 ⋅W1( ) ⋅


W1 +

∂
∂t

ρ ⋅

V ⋅dVol

VOL
∫

a h


R

E3.3 

Again, if consistent units are used, Q ! VA will have units of cubic meters per second
(SI) or cubic feet per second (BG). If the cross section is not one-dimensional, we have
to integrate

QCS ! !
CS

(V ! n) dA (3.31)

Equation (3.31) allows us to define an average velocity Vav which, when multiplied by
the section area, gives the correct volume flow

Vav ! "
Q
A

" ! "
A
1

" ! (V ! n) dA (3.32)

This could be called the volume-average velocity. If the density varies across the sec-
tion, we can define an average density in the same manner:

#av ! "
A
1

" ! # dA (3.33)

But the mass flow would contain the product of density and velocity, and the average
product (#V)av would in general have a different value from the product of the aver-
ages

(#V)av ! "
A
1

" ! #(V ! n) dA " #avVav (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the difference or,
if necessary, use a correction factor between mass average and volume average.

EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow everywhere
parallel to the walls) with a single one-dimensional exit 1 and inlet 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit

ṁ ! #1A1V1 ! #2A2V2 ! const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of the tube.
If the density is constant, then

Q ! A1V1 ! A2V2 ! const or V2 ! "
A
A

1

2
" V1

The volume flow is constant in the tube in steady incompressible flow, and the velocity increases
as the section area decreases. This relation was derived by Leonardo da Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile is given
approximately by
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4. Teorema de Bernoulli

4.1 Ecuación de Bernoulli
Proyección de Fuerzas externas F: peso G, reacción en los contornos R y fuerzas de presión 
en las caras, Fs:
• Peso, G:

• Fuerzas presión en las caras, Fs:

• Reacción, R en los contornos del fluido:

−ρ ⋅ g ⋅dS ⋅dx ⋅cosα= −ρ ⋅ g ⋅dS ⋅dh ; cosα = dh
dx

P ⋅dS y − P ⋅dS − ∂(PdS)
∂x

dx ; dFS1 y dFS 2

−τ ⋅dpe ⋅dx + P ⋅ ∂(dS
' )

∂y
dy ;

siendo dpe el prímetro, y τ la tensión media
Proyección del segundo miembro:

• Según la ecuación de continuidad de la masa:

∂(ρ ⋅V 2 ⋅dS)
∂x

dx +∂(ρ ⋅V ⋅dS)
∂t

dx =V ⋅dx ⋅ ∂(ρ ⋅V ⋅dS)
∂x

+ ρ ⋅V ⋅dS ⋅ ∂V
∂x
dx +V ⋅dx ⋅ ∂(ρ ⋅dS)

∂t
+ ρ ⋅dS ⋅ ∂V

∂t
dx

∂(ρ ⋅ S)
∂t

+
∂(ρ ⋅W ⋅ S)

∂x
= 0

−ρ ⋅ g ⋅dS ⋅dh− ∂(P)
∂x

dS ⋅dx −τ ⋅dpe ⋅dx = ρ ⋅V ⋅dS ⋅ ∂V
∂x
dx + ρ ⋅dS ⋅ ∂V

∂t
dx

Dividiendo por ds·dx y considerando                 :γ = ρ ⋅ g
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4. Teorema de Bernoulli

4.1 Ecuación de Bernoulli
Ecuación de Bernoulli a lo largo de una línea de corriente:

• Si el fluido es incompresible,            : 

• Si además, el movimiento es permanente,           :

• Si además, el fluido es ideal o perfecto,          : 

γ ⋅
∂h
∂x
+
∂P
∂x

+
1
2
⋅ρ ⋅

∂V 2

∂x
+ ρ ⋅

∂V
∂t

+τ ⋅
dpe
dS

= 0

ρ = cte

∂
∂x
(h+ P

γ
+
V 2

2 ⋅ g
)+ 1
γ
⋅
∂V
∂t

+
τ
γ
⋅
dpe
dS

= 0

∂
∂x
(h+ P

γ
+
V 2

2 ⋅ g
)+ τ

γ
⋅
dpe
dS

= 0

∂V
∂t

= 0

∂
∂x
(h+ P

γ
+
V 2

2 ⋅ g
) = 0

τ = 0

h+ P
γ
+
V 2

2 ⋅ g
= cte
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4. Teorema de Bernoulli

4.1 Ecuación de Bernoulli
El trinomio de Bernoulli resulta constante a lo largo de una línea de corriente si el fluido 
es incompresible, el movimiento es permanente y el fluido es ideal o perfecto.

ρ = cte
∂V
∂t

= 0h+ P
γ
+
V 2

2 ⋅ g
= cte

τ = 0

El trinomio de Bernoulli también resulta constante en todo punto de un fluido perfecto en 
movimiento permanente que haya partido del reposo…
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4. Teorema de Bernoulli

4.1 Ecuación de Bernoulli

Fig. 3.17 Hydraulic and energy
grade lines for frictionless flow in a
duct.

E3.21 

As mentioned before, no conversion factors are needed in computations with the
Bernoulli equation if consistent SI or BG units are used, as the following examples
will show.

In all Bernoulli-type problems in this text, we consistently take point 1 upstream
and point 2 downstream.

EXAMPLE 3.21

Find a relation between nozzle discharge velocity V2and tank free-surface height h as in Fig.
E3.21. Assume steady frictionless flow.

178 Chapter 3 Integral Relations for a Control Volume

Flow
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4. Teorema de Bernoulli

4.2 Ecuación de Bernoulli: rango de validez

A useful visual interpretation of Bernoulli’s equation is to sketch two grade lines of a
flow. The energy grade line (EGL) shows the height of the total Bernoulli constant
h0 ! z " p/# " V2/(2g). In frictionless flow with no work or heat transfer, Eq. (3.77),
the EGL has constant height. The hydraulic grade line (HGL) shows the height corre-
sponding to elevation and pressure head z " p/#, that is, the EGL minus the velocity
head V2/(2g). The HGL is the height to which liquid would rise in a piezometer tube
(see Prob. 2.11) attached to the flow. In an open-channel flow the HGL is identical to
the free surface of the water.

Figure 3.17 illustrates the EGL and HGL for frictionless flow at sections 1 and 2
of a duct. The piezometer tubes measure the static-pressure head z " p/# and thus out-
line the HGL. The pitot stagnation-velocity tubes measure the total head z " p/# "
V2/(2g), which corresponds to the EGL. In this particular case the EGL is constant, and
the HGL rises due to a drop in velocity.

In more general flow conditions, the EGL will drop slowly due to friction losses
and will drop sharply due to a substantial loss (a valve or obstruction) or due to work
extraction (to a turbine). The EGL can rise only if there is work addition (as from a
pump or propeller). The HGL generally follows the behavior of the EGL with respect
to losses or work transfer, and it rises and/or falls if the velocity decreases and/or in-
creases.

3.7 Frictionless Flow: The Bernoulli Equation 177
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A useful visual interpretation of Bernoulli’s equation is to sketch two grade lines of a
flow. The energy grade line (EGL) shows the height of the total Bernoulli constant
h0 ! z " p/# " V2/(2g). In frictionless flow with no work or heat transfer, Eq. (3.77),
the EGL has constant height. The hydraulic grade line (HGL) shows the height corre-
sponding to elevation and pressure head z " p/#, that is, the EGL minus the velocity
head V2/(2g). The HGL is the height to which liquid would rise in a piezometer tube
(see Prob. 2.11) attached to the flow. In an open-channel flow the HGL is identical to
the free surface of the water.

Figure 3.17 illustrates the EGL and HGL for frictionless flow at sections 1 and 2
of a duct. The piezometer tubes measure the static-pressure head z " p/# and thus out-
line the HGL. The pitot stagnation-velocity tubes measure the total head z " p/# "
V2/(2g), which corresponds to the EGL. In this particular case the EGL is constant, and
the HGL rises due to a drop in velocity.

In more general flow conditions, the EGL will drop slowly due to friction losses
and will drop sharply due to a substantial loss (a valve or obstruction) or due to work
extraction (to a turbine). The EGL can rise only if there is work addition (as from a
pump or propeller). The HGL generally follows the behavior of the EGL with respect
to losses or work transfer, and it rises and/or falls if the velocity decreases and/or in-
creases.
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model, (b) propeller, (c) chimney.
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4. Teorema de Bernoulli

4.3 Pérdidas de carga

• Para un fluido real,         , e incompresible,           , y en movimiento permanente, existirán 
pérdidas de carga hp a lo largo del movimiento:

τ ≠ 0 ρ = cte

∂
∂x
(h+ P

γ
+
V 2

2 ⋅ g
)+ τ

γ
⋅
dpe
dS

= 0

• Integrando entre 1 y 2 a lo largo de x:

h+ P
γ
+
V 2

2 ⋅ g
1

2

+
τ
γ
dpe
dS1

2

∫ ⋅dx = 0

E3.3 

Again, if consistent units are used, Q ! VA will have units of cubic meters per second
(SI) or cubic feet per second (BG). If the cross section is not one-dimensional, we have
to integrate

QCS ! !
CS

(V ! n) dA (3.31)

Equation (3.31) allows us to define an average velocity Vav which, when multiplied by
the section area, gives the correct volume flow

Vav ! "
Q
A

" ! "
A
1

" ! (V ! n) dA (3.32)

This could be called the volume-average velocity. If the density varies across the sec-
tion, we can define an average density in the same manner:

#av ! "
A
1

" ! # dA (3.33)

But the mass flow would contain the product of density and velocity, and the average
product (#V)av would in general have a different value from the product of the aver-
ages

(#V)av ! "
A
1

" ! #(V ! n) dA " #avVav (3.34)

We illustrate average velocity in Example 3.4. We can often neglect the difference or,
if necessary, use a correction factor between mass average and volume average.

EXAMPLE 3.3

Write the conservation-of-mass relation for steady flow through a streamtube (flow everywhere
parallel to the walls) with a single one-dimensional exit 1 and inlet 2 (Fig. E3.3).

Solution

For steady flow Eq. (3.24) applies with the single inlet and exit

ṁ ! #1A1V1 ! #2A2V2 ! const

Thus, in a streamtube in steady flow, the mass flow is constant across every section of the tube.
If the density is constant, then

Q ! A1V1 ! A2V2 ! const or V2 ! "
A
A

1

2
" V1

The volume flow is constant in the tube in steady incompressible flow, and the velocity increases
as the section area decreases. This relation was derived by Leonardo da Vinci in 1500.

EXAMPLE 3.4

For steady viscous flow through a circular tube (Fig. E3.4), the axial velocity profile is given
approximately by

3.3 Conservation of Mass 143

2

1
Streamtube

control volume

V • n = 0

V1

V2

FS1
n1

−FS 2
n2


G


R

x

h+ P
γ
+
V 2

2 ⋅ g
1

2

+ hp = 0

h 1+
P1
γ
+
V1
2

2 ⋅ g
= h 2+

P2
γ
+
V2
2

2 ⋅ g
+ hp
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4. Teorema de Bernoulli

4.3 Pérdidas de carga

• H: carga, carga hidráulica o altura de energía (trinomio 
Bernoulli).

• : cota piezométrica.

• hp: pérdida de carga,

• I: pérdida de carga por unidad de longitud,

h 1+
P1
γ
+
V1
2

2 ⋅ g
= h 2+

P2
γ
+
V2
2

2 ⋅ g
+ hp

H1 = H2 + hp

h+ P
γ

hp = τ
γ
dpe
dS1

2

∫ ⋅dx

hp = I ⋅
1

2

∫ dx

è Unidades de energía por unidad de peso 
[= J/N = m] 
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4. Teorema de Bernoulli

4.3 Pérdidas de carga

Fig. 3.17 Hydraulic and energy
grade lines for frictionless flow in a
duct.

E3.21 

As mentioned before, no conversion factors are needed in computations with the
Bernoulli equation if consistent SI or BG units are used, as the following examples
will show.

In all Bernoulli-type problems in this text, we consistently take point 1 upstream
and point 2 downstream.

EXAMPLE 3.21

Find a relation between nozzle discharge velocity V2and tank free-surface height h as in Fig.
E3.21. Assume steady frictionless flow.

178 Chapter 3 Integral Relations for a Control Volume

Flow

1

2

Energy grade line

Hydraulic grade line

Arbitrary datum (z = 0)

z1

2g
V2

2

V1
2

2g

p1
   g

z2

p2
  g

Constant
Bernoulli

head

ρ

ρ

1

2

V1

EGL

HGL

V2

Open jet:
p2 = pa

V1
2

2g

h = z1 – z2
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4. Teorema de Bernoulli

4.4 Ecuación de Bernoulli: interpretación

• Ejemplo: tubería con cambios de sección y cota, operando con caudal constante:
• Flujo incompresible (ρ=cte) por tubería, con caudal Q constante : Q = v·S = cte.

• Entre 1 y 2: 

• Entre 2 y 3: 

2 1 2 1
2 1

1 2

S S v v
p p

z z
< Þ > üì ïÞ <í ý= ïî þ

Ecuación de conservación de Energía Mecánica a lo largo del recorrido de una partícula, bajo 
la condición de flujo ideal.

• Términos de energía mecánica: en. cinética, en. potencial gravitatoria y en. potencial de 
presión.

2 3 2 3
2 3

2 3

S S v v
p p

z z
= Þ = üì ïÞ >í ý< ïî þ

• Caso de flujo real:
• La altura de energía va disminuyendo a lo largo de las líneas de corriente.
• Pérdida de carga: 1 2 0Ph H H= - ³
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4. Teorema de Bernoulli

4.5 Ecuación de Bernoulli: ejemplos
Ejemplo 4 è Flujo de descarga desde depósito:

• Entre 1 y 2: flujo se acelera y líneas 
de corriente convergentes y bien 
definidas è ec. Bernoulli funciona bien

2 2
1 1 2 2

1 22 2
p v p vz z
g g g gr r
+ + = + +

2
2 22
p g h vrr= -

• Caso análogo: estrechamiento en conducto

( )2 2
2 1 1 2 1 2con

2
p p v v v vr
= + - <
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4. Teorema de Bernoulli

4.5 Ecuación de Bernoulli: ejemplos

• Entre 1 y 2: flujo se acelera y líneas 
de corriente convergentes y bien 
definidas è ec. Bernoulli funciona bien

2 2
1 1 2 2

1 22 2
p v p vz z
g g g gr r
+ + = + +

0 = ρ g h− ρ
2
v2
2

v ≈ 2 ⋅ g ⋅h• Fórmula de Torricelli

• Se asume que V1 es 0:
Conservación de la masa: A1·V1=A2·V2  y  A1>>A2

Ejemplo 5 è Flujo de descarga a atmósfera libre:
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4. Teorema de Bernoulli
4.6 Ecuación de la dinámica según la normal a la línea de 
corriente

h

dn

ds·db

i dFi = −dm ⋅
V 2

r
= −ρ ⋅dn ⋅ds ⋅db ⋅V

2

r

• Balance de Cantidad de Movimiento (2ª Ley de Newton) para una partícula, proyectada en la 
dirección de su radio de curvatura instantáneo r (que es perpendicular al vector velocidad). 
Distribución transversal de presión.
• Flujo ideal             (y real si            ).
• Movimiento permanente.

i dFS,r = dFS 2 − dFS1 =

= P ⋅ds ⋅db− P + ∂P
∂n
dn

$

%
&

'

(
)⋅ds ⋅db = −

∂P
∂n
dn ⋅ds ⋅db

i dFV,r = − g ⋅ρ ⋅dn ⋅ds ⋅db ⋅
∂h
∂n

Fuerzas de inercia + Fuerzas de presión + Fuerzas de peso = 0;


τ 
v


τ = 0

Dividiendo por dVol=dn·ds·db y considerando              :γ = ρ ⋅ g
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4. Teorema de Bernoulli
4.6 Ecuación de la dinámica según la normal a la línea de 
corriente

ρ ⋅
V 2

r
+
∂P
∂n

+γ ⋅
∂h
∂n

= 0
V 2

g ⋅ r
= −

∂
∂n

h+ P
γ

$

%
&

'

(
)• Si el fluido es incompresible:

• Si las líneas de corriente son rectas en las 
secciones normales a ellas (o r es muy grande): h+ P

γ
= cte

(ρ v
2

r
> 0)

• La presión crece con la posición radial y es mínima en el centro de curvatura
• La presión varía tanto más rápido cuanto mayor es v2 y menor es r 
• Si el movimiento es rectilíneo è no hay variación transversal de presión (*)

∂P
∂n

= 0

(*) Aunque la presión no varíe transversalmente, el módulo de la velocidad sí puede variar.

• Si la altura es constante: ρ ⋅
V 2

r
= −

∂P
∂n

V 2

g ⋅ r
= −

∂
∂n

h+ P
γ

$

%
&

'

(
)

• Si la altura es constante y el radio 
infinito:
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4. Teorema de Bernoulli

Ejemplo 6 è Flujo de entrada a depósito:

4.6 Ecuación de la dinámica según la normal a la línea de 
corriente

• En 1 el flujo tiene alta energía cinética 
que se disipa en el depósito è líneas 
de corriente indefinidas y erráticas è
ec. Bernoulli no se puede aplicar

• En 1 el flujo entra como un chorro è
líneas de corriente inicialmente 
paralelas è no existe variación de 
presión en dirección transversal:

1p g hr=

• Caso análogo: ensanchamiento en conducto

2 1p p=
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5. Ejemplos

Ejemplo 7 è Flujo sobre placa plana:

• Entre 1 y 2; entre 3 y 4 : trayectoria rectilínea è presión no varía en dirección transversal è p1
= p2 y p3 = p4

• Entre 1 y 3: puntos en c. límite è gradiente de velocidad elevado è tensiones viscosas 
elevadas è flujo no se puede considerar ideal è no es válida la ec. de Bernoulli

• Entre 2 y 4: puntos fuera de c. límite è gradiente de velocidad nulo è no existen tensiones 
viscosas è flujo se puede considerar ideal è la ec. de Bernoulli es válida
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Ejemplo 8 è Flujo alrededor de cuerpo sumergido:

• En 0 el flujo alcanza su presión máxima o de estancamiento:
2

0 E 2
p p vr= +

• Entre 0 y 1 las líneas de corriente convergen y el flujo se acelera. La velocidad aumenta y la 
presión disminuye (condiciones favorables). Se forma capa límite sobre el objeto.

• Entre 1 y 2 la velocidad disminuye y la presión aumenta (condiciones desfavorables). Si la 
energía del fluido en la capa límite no es suficiente como para continuar fluyendo, se produce 
desprendimiento de la capa límite.

5. Ejemplos
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Ejemplo 8 è Flujo alrededor de cuerpo sumergido:

• El desprendimiento origina una zona de gran turbulencia y baja presión denominada estela.

• La diferencia entre la alta presión en 0 y la baja presión en la estela origina una fuerza de 
arrastre sobre el objeto en la dirección del flujo.

• La diferencia entre la presión en la zona inferior (~pE) y la superior (<pE por la aceleración del 
flujo) genera una fuerza de sustentación sobre el objeto.

5. Ejemplos
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Ejemplo 9 è Medida de velocidad con tubo de Pitot estático:

2
0

1
2

p p vr= +

Aplicando Bernoulli:

Ecuación del 
manómetro:

• Medida puntual de la velocidad.
• Obtención del caudal por repetición e

integración de los diversos puntos
(sección característica).

p0 − p( ) = ρHg g h

v =
2 p0 − p( )

ρ

5. Ejemplos
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Ejemplo 10 è Medida de caudal con placa de orificio:
• Medida global del caudal.
• Requiere calibración previa de la placa.

(Coeficiente k).

• Resolución iterativa para obtener el caudal.

0 0

1 1

D A
D A

b = =

De forma aproximada (para
evitar iterar), se puede
tomar Cd= 0.6

Q = Cd
1−β 4

k
 

A0
2 p1 − p2( )

ρ

5. Ejemplos
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Ejemplo 11 è Medida de caudal con tubo de Venturi:

• Medida global del caudal.
• Mismo principio de funcionamiento que la

placa de orificio.

• Transición muy suavizada de la sección:
coeficiente de descarga próximo a 1. 4.50.9858 0.196 1dC b= - »

0

1

d A
D A

b = =Q = Cd
1−β 4

k
 

A0
2 p1 − p2( )

ρ

5. Ejemplos
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6. Ecuación de Navier-Stokes

6.1 Ecuación de Cauchy
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